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Lumped-Element Models f o r  Two-Dimensional D i s t r i b u t e d  RC Networks 
I e In t roduc t ion  
This  is one of  a series of  r e p o r t s  concerning t h e  use of d i g i t a l  
computational techniques i n  the  a n a l y s i s  and s y n t h e s i s  of  DLA ( d i s t r i b u t e d -  
lumped-active) networks,  This  class of networks c o n s i s t s  of t h ree  d i s t i n c t  
types of elements, namely d i s t r i b u t e d  elements (modeled by p a r t i a l  d i f f e r e n -  
t i a l  equat ions) ,  lumped elements (modeled by a l g e b r a i c  equat ions and ord inary  
d i f f e r e n t i a l  equat ions) ,  and a c t i v e  elements (modeled by a l g e b r a i c  equat ions) .  
Such a c h a r a c t e r i z a t i o n  is e s p e c i a l l y  a p p l i c a b l e  t o  t h e  broad class of  c i r c u i t s  
r e f e r r e d  t o  as l i n e a r  i n t e g r a t e d  c i r c u i t s ,  s i n c e  t h e  r equ i r ed  f a b r i c a t i o n  
techniques for such c i r c u i t s  r e a d i l y  produce elements which may be r e f e r r e d  t o  
as "d i s t r ibu ted" ,  as w e l l  as producing elements which may be cha rac t e r i zed  as 
"lumped" and/or  "ac t ive" .  The DlLA class of  networks is capable  of r e a l i z i n g  
network func t ions  w i t h  a wide range of p r o p e r t i e s .  I n  add i t ion ,  such real iza-  
t i o n s  usua l ly  have fewer components and s u p e r i o r  c h a r a c t e r i s t i c s  than  r e a l i z a -  
t i o n s  us ing  only lumped elements,  o r  r e a l i z a t i o n s  us ing  lumped elements and 
a c t i v e  elements.  The a n a l y s i s  problem f o r  t h i s  class of  networks, however, is 
cons iderably  more complex than the  a n a l y s i s  problem f o r  more r e s t r i c t e d  c l a s s e s  
o f  networks, Thus, one is led  t o  implement the  a n a l y s i s  problem by t h e  use of 
s u i t a b l e  models f o r  s p e c i f i c  types of d i s t r i b u t e d  networks. A model which has 
been shown t o  be of cons iderable  va lue  i n  r ep resen t ing  a one-dimensional d i s t r i -  
buted RC network is  the  lumped-element model. Its p r o p e r t i e s  have been d iscussed  
i n  a previous r e p o r t .  
o f  "L" network s e c t i o n s  each composed of a series r e s i s t o r  and a shunt  capac i to r .  
Such a model has been shown t o  give a n a l y s i s  r e s u l t s  that a r e  more accu ra t e  and 
t h a t  r e q u i r e  less computation t i m e  than models genera ted  by us ing  cons iderably  
more s o p h i s t i c a t e d  mathematical  techniques .* I n  t h i s  r e p o r t  an ex tens ion  is 
made of the  lumped-clement modeling technique so t h a t  i t  may be app l i ed  t o  a 
two-dimensional RC network. Such a network may be considered e i t h e r  as a two- 
l a y e r  s t r u c t u r e  c o n s i s t i n g  of resfstive, d i e l e c t r i c ,  and conducting l a y e r s  a6 
shown i n  F i g ,  1 or  as a t h r e e - l a y e r  s t r u c t u r e  con ta in ing  two r e s i s t i v e  l a y e r s  
as shown i n  Fig.  2 .  The modeling techniques t h a t  are developed in  t h i s  r e p o r t  
I 
It is based on t h e  use  of a cascade of a f i n i t e  number 
are designed so  as t o  permit t he  implementation of a r b i t r a r y  terminal configura-  
t i o n s  on the s u r f a c e  of t he  r e s i s t i v e  Layers of such d i s t r i b u t e d  RC networks. 
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Thus, t he  techniques presented  here  penni t  t he  u s e r  t o  perform a n a l y s i s  s t u d i e s  
of a w i d e  .range of new and novel  d i s t r i b u t e d  IEC networks conf igu ra t ions ,  
examples of these  are inclluded as a p a r t  o €  t h i s  report, 
Some 
XI. Admittance Hatrices f o r  Lumped-Element Models 
Most s t u d i e s  of d i s t r i b u t e d  RC networks assume simple te rmina l  conf igura-  
t i o n s  i n  which the  te rmina ls  are connected ts conduct ing s t r i p s  which run 
completely a c r o s s  each  end of t h e  r e s i s t i v e  layer .  There are two advantages 
t o  such an assumption. F i r s t ,  when determining the  two-port parameters of a 
unifomily d i s t r i b u t e d  RC network wi th  such a t e rmina l  conf igura t ion ,  t he  n e t -  
work may be descr ibed  by a second-order,  l i n e a r ,  p a r t i a l  d i f f e r e n t i a l  equat ion,  
and the  s o l u t i o n  f o r  such an equat ion fol lows r e a d i l ~ . ~  Second, t h e  nonuniform 
d i s t r i b u t e d  network may be modeled by a cascade of a f i n i t e  number of lumped 
"L" sec t ions ,  and t h e  ensuing a n a l y s i s  c o n s i s t s  p r imar i ly  of mat r ix  m u l t i p l i c a -  
t i q n .  Thus both uniform and non-uniform one-dimensional d i s t r i b u t e d  RC networks 
are  r e a d i l y  t r e a t e d .  Unfortunately,  t he  s imple te rmina l  conf igu ra t ion  assump- 
t i o n  of t hese  methods d iscounts  any p o s s i b i l i t y  of t he  a l t e r a t i o n  of a d i s t r i -  
buted RC network's e l ec t r i ca l  p r o p e r t i e s  by vary ing  i t s  te rmina l  conf igu ra t ion ,  
I n  t h i s  s e c t i o n  w e  s h a l l  in t roduce  t h e  concept of a lumped-element model 
Such a model has the  advantage f o r  a =-dimensional d i s t r i b u t e d  RC network. 
t h a t  it:  is r e a d i l y  amenable t o  a r b i t r a r y  te rmina l  conf igu ra t ions .  
To see how the  lumped-element concept may be extended t o  a two-layer  
d i s t r i b u t e d  network, cons ider  the  s i x  node s t r u c t u r e  shown i n  Fig. 3 .  The 
admit tance m a t r i x  Y f o r  t h i s  network is 
I n  general ,  t h e  
p r o p e r t i e s  
1. The 
0 0 
0 - 
idmittance mat r ix  Y f o r  such a network has the  fo l lowing  * 
number of columns and the  n be? of%ows of the  admit tance 
.- .-  . . .  .C ^C .I.. . 
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Fig. 3 Lumped-element 6 node model for.two-layer 
distributed network 
5 
matr ix  are equa l  t o  the  product o f  t he  nodal  a r r a y  length  and width.  
2 .  The r e s u l t i n g  matrix is a 5-banded square matr ix .  
3 .  Band one, or t h e  "above" band, is removed from t h e  main d iagonal  by 
the  nodal  a r r a y  length,  1, and it is  loca ted  below t h e  main diagonal  
of t h e  mat r ix .  
nega t ive  of t h e  node-to-node admit tance between the  node i and the  
node above it, node f -  4 
Each i n d i v i d u a l  element, Yi-fi9i9 is equal  t o  the  
4 .  Band two, o r  the  " l e f t "  band, is removed from t h e  main d iagonal  
by 1, and it is loca ted  below t h e  main d iagonal  of t he  mat r ix .  
Each i n d i v i d u a l  element, Y 
node-toinode admit tance connected between the  node i and t h e  node 
t o  t h e  l e f t  of it, node 1-1. 
Band t h r e e  is the  main diagonal,  and each element, Yii, is equa l  
t o  t h e  sum of  the  node-to-ground admittance,  and t h e  node-to-node 
admit tance connected between node i and t h e  ad jacen t  nodes t o  t h e  
l e f t ,  r i g h t ,  above, and below i t .  
is  equal  t o  the  nega t ive  of t h e  
i - i 9 i 9  
5 .  
6 .  Band four,  o r  t h e  " r igh t"  band, i s  similar t o  band two, except  
t h a t  i t  r e p r e s e n t s  t h e  nega t ive  of  t h e  node-to-node admit tance 
connected between node i and t h e  node t o  t h e  r i g h t  of it, node 
i+l. 
7.  Band f ive ,  o r  t h e  "below" band, is s i m i l a r  t o  band 1, except  t h a t  
i t  r e p r e s e n t s  t h e  nega t ive  of t h e  node-to-node admittance connected 
between node i and node i + R .  
I f  R =  l eng th  o f  t h e  nodal  a r r a y  and w = width  of t h e  nodal  a r r ay ,  
then bands one and f i v e  each con ta in  J?,(w-l.) elements, bands t w o  
and four  each con ta in  w(R-l).efements, and band t h r e e  c o n t a i n s f i h  
elements.  
8 .  
9. S ince  the  network i s  r ec ip roca l ,  t he  mat r ix  is symmetric, 
The numbered items given above may be considered as if basie; for developing 
an  a lgor i thm which w i l l  genera te  the  admit tance matrix f o r  a lumped network 
modeling a two-layer d i s t r i b u t e d  RC s t r u c t u r e .  The degree of approximation 
obta ined  is, of  course# improved as the  number of nodes used i n  t h e  lumped 
s t r u c t u r e  is increased .  The u l e s  ate based on t h e  convention t h a t  t he  nodes 
are  numbered i n  inc reas ing  o rde r  from " l e f t  t o  r i g h t "  and from " top  t o  bottom", 
assuming t h a t  tbe network is d r a m  as shown i n  Pig.  3 .  
6 
h-. .A 
The results given above are readily extended to determine the admittance 
matrix f o r  a lumped network model for  a three-layer device, A 12 node example 
of such a model is shown in Fig. 4 .  The admittance matrix for this network is 
I 
0 O : 'Y78 -'28 8 
O -y39 
I 
0 0  0 
0 
i 
0 0 0 ; o  
I 
0 ; o  -Y5 i 0 0 0 0  I 
L 
The numbering scheme used fo r  the model of the two-layer device has been 
modified to accommodate the model for  the three-layer device as follows: the 
nodes are numbered from left-to-right, top-to-bottom, and fireit hayere-to- 
second-layer. 
matrix given in (1); the only difference is that there is no node-to-ground 
admittance for the network of Fig. 4 .  
Notice that theSll submatrix in (2) is similar to the admittance 
The defining properties of the admittance matrix f o r  the Pumped element 
model for  the three-layer 
j . .,. 
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b 
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Fig.  4 Lumped-element 12 node model for three-layer 
dia  tr ibuted network h 5' 
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1. The upper left-hand sub matrixo M is the admittance *PI, 
matrix for the upper plane elements. 
The lower right-hand matrix,$22, is the admittance 
matrix for the lower plane elements. 
The upper right-hand matrix, El*, and the lower left- 
hand matrix, M 
the plane-to-plane admittances. The two matrices are 
equal because the network is reciprocal. 
2, 
3 .  
are diagonal matrices which represent &219 
The numbered items given above illustrate that the admittance matrix for 
a lumped-element model for a three-layer device may be directly obtained from 
the admittance matrix for a lumped-element model for a two-layer device by a 
relatively simple procedure. Thus, these items, together with those given for 
the two-layer lumped-element model, form the basis of an algorithm which will 
generate the admittance matrix for a lumped network nodeling a three-layer 
distributed RC structure. 
r' 
111. Digital Computer Program for Analyzing Lumped Element Models 
The properties of the admittance matrices described in the previouhl section 
are readily used to define algorithms which may be implemented on a digital 
computer to form the basis for a general program capable of performing 
sinusoidal steady state analysis of lumped-element structures modeling two- 
dimensional two- and three-layer distributed RC networks. Such a program has 
been prepared at the University of Arizona. 
- Dimensional Study of Distributed Networks). 
four major computational subroutines named YCG4, JCN4, and YCY4, and a pair of 
input and output subroutines YCR4 and JCP4. These subroutines are described 
more fully in the following paragraphs. 
< -  
It fs called TDSDN (for - Two- 
The program is subdivided into 
The subroutine JCG4, generates the complex admittance matrix for a lumped- 
element network in which resistors are connected between adjacent nodes and 
capacitors are connected from the nodes to ground. It does this by making use 
of the banding properties described in Sec. 11. In the algorithm each node is 
assigned a positional number, which allows the JCG4 subprogram to operate in a 
fashion that might be described as a binary iterative routine. 
this binary interative routine starts with a particular number, performs a 
desired operation, subtracts an appropriate power of two from the original 
Essentially, 
9 
number, and r e t u r n s  t o  the  s t a r t i n g  i n s t r u c t i o n  u n t i l  zero is obtained, a t  
which t i m e  t he  i t e r a t i v e  routine is terminated.  
The JCT4 subprogram genera tes  the admittance matr ix  for a Bumped-element 
network wi th  two p lanes  of resistsrs connected between ad jacen t  nodes, and 
wi th  capac i to r s  connected between the  p lanes .  It does t h i s  by us ing  the  J C G 4  
subrout ine  discussed above. The JCT4 subroutPne f i n d s  the  admittance m a t r i x  
of the  lower plane of  r e s i s t o r s  by c a l l i n g  the  JCG4 subrout ine .  The r e s u l t s  
a r e  i n s e r t e d  i n t o  the  M submatrix given i n  (2) .  The admittance mat r ix  of 
t h e  upper p lane  of r e s i s t o r s  i s  found by again c a l l i n g  the  JC64 subprogram, 
and i n s e r t i n g  the  r e s u l t  i n t o  t h e z l l l  submatrix.  Diagonal matrices a r e  then 
generated and s t o r e d  i n  t h e z P 2  a n d E Z 1  upper r ight-hand and lower le f t -hand  
submatr ices  of (2) .  
w 2 2  
Since  the  TDSDM program must analyze lumped-element networks having an 
a r b i t r a r y  te rmina l  conf igura t ion ,  some method must be devised t o  a l t e r  t he  
o r i g i n a l  admit tance matr ix  t o  r e f l e c t  t he  e f f e c t s  of t h e  s p e c i f i e d  te rmina l  
conf igura t ion .  The JCN4 subrout ine  performs t h i s  ppera t ion .  S p e c i f i c a l l y ,  
i t  adds the  appropr i a t e  rows and columns of t he  admittance matr ix  t o  take  
account of te rmina l  connections which s h o r t  t he  r e l a t e d  nodes. Two s p e c i f i c  
d e t a i l s  of t h e  subprogram a r e  of i n t e r e s t .  The f i r s t  i s  the  te rmina l  connec- 
t i o n  vec tor .  This  vec to r  is an n- tuple ,  whose s i z e  corresponds to  the  s i z e  
of t he  o r i g i n a l  matr ix .  
a node number of t he  o r i g i n a l  mat r ix ,  and each element i s  i n  numerical  sequence, 
Whenever a higher-numbered node is connected t o  a lower-numbered node the  
element of the node Connection vec to r  t h a t  corresponds t o  the  o r i g i n a l  hfgher-  
numbered node i s  set t o  zero, and t h e  va lues  of t he  next  elements of t he  node 
The value o f  each element of t he  n- tuple  is equal  t o  
connection v e c t o r  ( t h e  elements that correspond t o  the  higher-numbered nodes) 
are reduced by one. 
l aye r  device .  The o r i g i n a l  node connection vec to r  would be 
As an example of t h i s ,  cons ider  a 3 by 3 model f o r  a two- 
(1, 3 9  3 ,  4 ,  59 6 ,  7 9  8 ,  9 )  (31  
Should node 5 be connected t o  node 2 and node 8 be connected t o  node 4 ,  t he  
r e s u l t a n t  node connection vec to r  would be 
The node connectPon vec to r  provides  E% means by which the  3CH4 subprogram 
10 
r.- 
4 
can determine which t e rmina l s  have been connected and t h e  p o s i t i o n  of t he  
unconnected ones.  This  vec to r  i s  a l so  used by t h e  JCY4 subrout ine  descr ibed  
i n  l a t e r  paKagKaphS e 
A second d e t a i l  concerning t h e  JCN4 subrout ine  i s  a l i m i t a t i o n  imposed 
by the  a lgor i thm i n  t h a t  on ly  higher-numbered nodes may be connected t o  lower- 
numbered nodes. I n  add i t ion ,  once a node has been used i n  a r o l e  as a h igher -  
numbered node, i t  may no t  subsequent ly  be used as a lower-numbered node. This  
d e t a i l  does n o t  l i m i t  t he  v e r s a t i l i t y  of t he  TDSDN program, but i t  does impose 
a r e s t r i c t i o n  which must be observed by t h e  user .  
The JCY4. subrout ine  reduces t h e  admit tance matr ix  which has been generated 
and cons t ra ined  by t h e  subrout ines  descr ibed  above, i n t o  a form t h a t  is u s e f u l  
for desc r ib ing  the  response of  t he  network. The JCY4 subprogram uses  a matr ix  
reduct ion  a lgor i thm which is  expressed by the  mat r ix  r e l a t i o n s h i p  
8 C 
Equation (5)  is a m a t r i x  equat ion,  and t h e  i n d i v i d u a l  matrsces are def ined  as 
(n-1) w h e r e i n )  is an admit tance mat r ix  of o r d e r  n, a n d 2  
admit tance ma t r ix  obta ined  f r o r n d " )  by t h e  matr ix  reduct ion  algori thm. As 
i nd ica t ed  i n  (6)  t h e z 1 2  submatrix is a (n-1) x 1 o r  column matr ix ,  and t h e  
M -22 
of  t h i s  a lgor i thm may be used t o  reduce t h e  o r i g i n a l  admit tance mat r ix  to a 
s ' ize corkesponding wfth t h e  number of a c t u a l  t e rmina l s  s p e c i f i e d  f o r  t h e  network. 
Thus t h e  JCY4 subprogram w i l l  reduce an n x n ma t r ix  t o  an m x m mat r ix ,  where 
n ranges from 4 t o  64  and m ranges from 2 t o  10. E s s e n t i a l l y ,  t h e  JCY4 subrout ine  
r e o r d e r s  t h e  rows and colums of t h e  admit tance mat r ix  by u t i l i z l l ng  the  node 
connect ion v e c t o r  descr ibed  above before  apply ing  (5 ) .  The a lgor i thm r e q u i r e s  
t h a t  a r e s t r i c t i o n  be observed on the  choice  of t h e  output  te rmina ls .  Th i s  is 
t h a t  any group of output  te rmina ls ,  whose node numbers are less than the  t o t a l  
number of ou tput  te rmina ls ,  mast be in- 
i f  i t  was d e s i r e d  to  reduce a 16 x 16 m a t r i x  t o  a 4 x 4 matrix and nodes 1 and 
3 were t o  be included In t h e  output  t e rmina l  group, then t h e  t e rmina l s  must be 
ordered l and 3 r a t h e r  than  3 and 1. This  r e s t r i c t i o n  should not  impose any 
is t h e  reduced 
matrix is a 1 x 1 matrix,  i - e - ,  the  element ynn. Successive a p p l i c a t i o n s  
&aging numerical  o rde r ,  Fo r  example, 
11 
s e r i o u s  l i m i t a t i o n  upon a user1 o t h e r  than the  proper  S p e c i f i c a t i o n  of input  
d a t a  a 
The two remaining subrout ines  JCR4 and JCP4 are concerned r e s p e c t i v e l y  
w i t h  the  inpu t  and output  of da t a  a s s o c i a t e d  w i t h  eke TDSDN program. Qptions 
are provided f o r  t he  use r  t o  s p e c i f y  the  size of the  z r i d  being used i n  the  
lumped-element model, whether a two- o r  th ree - l aye r  device is t o  be analyzed, 
t he  des i r ed  te rmina l  conf igu ra t ions  t o  be imposed on the  g r i d  of nodes, and 
whether a s ing le- f requency  a n a l y s i s  or a mult igle-frequency a n a l y s i s  i s  
des i r ed .  I n  t h e  la t ter  case, an on - l ine  p l o t t i n g  c a p a b i l i t y ,  included as p a r t  
of the TDSDN program, may be used. 
IQ. Analysis of S p e c i f l c  Two- and Three- layer  D i s t r ibu ted  RC Networks 
I n  t h i s  s e c t i o n  w e  p re sen t  some of t h e  r e s u l t s  obt2tined from apply ing  the  
TDSDN program discussed  i n  t h e  preceding s e c t i o n  t o  t h e  a n a l y s i s  of  s e v e r a l  
two- and t h r e e - l a y e r  d i s t r i b u t e d  RC network conf igu ra t ions ,  
analyzed a t  60 d i f f e r e n t  s i n u s o i d a l  f requencies  chosen so  as t o  inc lude  a rep-  
r e s e n t a t i v e  spectrum of  t h e  most i n t e r e s t i n g  po r t ion  of t he  open-c i r cu i t  v o l t -  
age t r a n s f e r  func t ion  f o r  t he  network, A d i scuss ion  o f  n ine  of t h e  networks 
which produced the  most i n t e r e s t i n g  c h a r a c t e r i s t i c s  t oge the r  wi th  t h e  magnitude 
curves f o r  t h e s e  networks is given i n  t h e  fol lowing paragraphs. The networks 
a r e  shown i n  F igs .  5-12. A 3 x 3 g r i d  s t r u c t u r e  of 9 nodes was used t o  model 
Each network was 
each  of t h e  d i s t r i b u t e d  network conf igura t ions .  
o r d e r  n ine  w a s  solved a t  each  frequency f o r  t h e  s i n g l e  two-layer network des-  
cr ibed,  and an admit tance ma t r ix  of  o rde r  18 was so lved  a t  each frequency f o r  
each of the  e i g h t  t h r e e - l a y e r  networks which are discussed-, The t o t a l  computa- 
t i o n  t i m e  f o r  t he  a n a l y s i s  of t he  n ine  networks was approximately one minute 
on a CDC 6400 computer. 
Thus, an admit tance matr ix  of 
The f i r s t  type of network t o  be considered is t h e  lowpass type.  The 
response of fou r  lowpass networks is shown in t h e  curves  of Fig. 13, Curve 
A shows the response of  a two-layer network (Fig.  5).  I n  t h e  model used f o r  
t h i s  network, t he  open c i r c u i t  vo l tage  t r a n s g e r  r a t i o  should have two poles ,  
as is  v e r i f i e d  by t h e  -40 dbldecade s lope  of t he  high-frequency s e c t i o n  of 
Curve A. 
i n  Pig.  6.' As shown by Curve B i n  Fig. 8 3 ,  i t  has a ~ 2 0  dbldecade s l o p e  a t  
h igh  f requencies .  The t h i r d  Powpas network is  shown i n  Fig.  7, I t  has the  
The second lowpass network considered is  t h e  Castro-Napp type 2 s h ~ w n  
12 
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Fig .  5 .  Two-layer RC network 
Fig. 6. Castro-Happ type 2 network 
1 .  
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Fig .  7.  Three terminal network with grounded terminal 
bisect  fng input-outpu t terminals 
'i 
d 
Dielectric  Layer 
-Q?q 
Resistive Layer b.- '.*E,. 
Fig 8. Three terminal network with grounded terminal 
perpendicular to  input terminal 
I 
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Fig. 9. Castro-Happ type 1 network 
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Fig. 10.- Three terminal network with shortened grounded 
. terminal towards the input terminal 
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Resistive Layer 
--- '-a- 
' <  
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Fig, 11. Three terminal network with a point grounded 
terminal at corner of input end 
Fig. 12. Ynree terminal network with a point grounded 
terminal i n  center of input end 
' .  
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Fig. 13. Low pass c h a r a c t e r i s t i c  networks 
A: Two-layered two-sec t ion  RC Model (See Fig. 18)  
B: Two-section Castro-Happ type 2 network, o = 0.795 (See 
F i g .  1 9 j  
C: Two-section t h r e e  ' t e rmina l  network w i t h  grounded 
t e r m i n a l  b i s e c t i n g  inpu t -ou tpu t  terminals,  o = 0.795 
. ( S e e  Fig .  20) 
Do Two-section t h r e e  t e r m i n a l  network w i t h  grounded 
t e r m i n a l  network. w i t h  grounded terminal pe rpend icu la r  
t o  inpt t ' terminal ,  CY = 0,795 (See Fig. 21) 
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c h a r a c t e r i s t i c  given as Curve C FR Ffge  13, The las t  network of t h e  lowpass 
type t o  be cons idered  is  a network i n  which the t e rmina l  on t h e  bottom l aye r  
i s  perpendicular  t o  t h e  Castro-Happ type 2 as shown i n  Fig.  8. Th i s  network 
e x h i b i t s  a s h i f t  o f  one of the  zeros  and one of the  po le s  of the  Castro-Happ 
type 2 network, a s  Curve D of F i g .  13 shows. 
The r e s u l t s  of two of t he  Castro-Happ type I. networks shown i n  Fig.  3 a r e  
shown i n  F ig .  14. These networks may be considered as lag- lead  networks r a t h e r  
than lowpass ones. The la&-lead  c h a r a c t e r i s t i c  i s  caused by an i d e n t i c a l  
number of f i n i t e  po le s  and zeros  i n  the  network func t ions ,  and, as shown by 
Curve B i n  F i g ,  14, t he  e f f e c t  of inc reas ing  t h e  r a t i o  of r e s i s t a n c e  of t h e  
two r e s i s t i v e  l a y e r s  is t o  inc rease  the  l e v e l  of response of the  h igh  frequency 
end of t he  curve.  
Three types  of networks were found which d isp layed  a n u l l  type c h a r a c t e r -  
i s t i c .  The networks are shown i n  F igs .  PO, l P ,  and 1 2 .  The c h a r a c t e r i s t i c s  
are shown i n  P ig .  15. The a n a l y s i s  of o t h e r  tes t  problems has shown t h a t  an 
inc rease  i n c r ,  t h e  r a t i o  of t he  r e s i s t a n c e s  of t h e  two layers ,  f l a t t e n s  t h e  
n u l l  of each network. It  should be noted t h a t  t h e  b e s t  of t h e  t h r e e  n u l l -  
producing networks is t h e  one shown i n  F ig .  12, i n  which a s h o r t  grounded 
t e rmina l  is centered  between the  s i d e s  of the  a r r a y  a t  i t s  input  end, An 
i n v e s t i g a t i o n  of t h e  use of a d d i t i o n a l  s e c t i o n s  i n  t h e  lumped-element model 
of t h i s  network is  planned. 
V. Comments on Resu l t s  Obtained 
The d i scuss ion  given i n  the  preceding  s e c t i o n  has ind ica t ed  t h e  f e a s i b i -  
l i t y  of u s ing  t h e  lumped-element modeling technique for "$@ 
of two-dimensional d i s t r i b u t e d  RC networks. S ince  t h e  r e s u l t s  were intended 
t o  be mainly i n d i c a t i v e  of t h e  c a p a b i l i t i e s  of t h i s  approach only  a very  g ross  
model u t i l i z i n g  a 3 x 3 g r i d  of nodes was used i n  t h e  tests v e r i f y i n g  t h e  
u t i l i t y  of t h e  approach. 
d i s t r i b u t e d  network, a l a r g e r  g r i d  s i z e  should be used. I n  t h i s  s e c t i o n  w e  
cons ider  soma of t h e  problems a s s o c i a t e d  w i t h  us ing  such l a r g e r  g r i d s .  
r equ i r ed  t o  nodel  t he  two-layer d i s t r i b u t e d  network and 2n2 nodes a r e  r equ i r ed  
t o  model t h e  t h r e e - l a y e r  device .  The admittance matrices f o r  t hese  two case$ 
r e q u i r e  n and 4n s t o r a g e  ellernents r e s p e c t i v e l y .  For example, a 50 x 50 g r i d  
would r e q u i r e  6.25 x 10 s t o r a g e  l o c a t i o n s  f o r  t h e  admittance mat r ix  of t h e  
Obviously, €o r  a b e t t e r  approximation t o  the  a c t u a l  
2 To begin our  d i scuss ion  w e  no te  t h a t  f o r  an n x n g r id ,  n nodes a r e  
4 4 
6 
-1 Q : . l  2 3 4 
A: 
B: 
Fig. 14. Castro-Happ type 1 networks (See Fig .  22)  
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F i g .  15. N u l l  type networks 
A: Two-section three t e rmina l  network w i t h  shor tened  
rounded t e r m i n a l  towards the i n p u t  t e r m i n a l ,  cf = 0.795 . t  See F i g .  23) 
B P  Two-section t h r e e  t e r m i n a l  network with a p o i n t  grounded 
t e r m i n a l  a t  corner  of i n p u t  end,  cf = 0.795 (See  Fig .  24)  
Ct Two-section three terminal network w i t h  a p o i n t  grounded 
. terminal i n  center of input end, u - 0.795 (See  Fig.  25) 
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a s s o c i a t e d  network, a p r o h i b i t i v e l y  l a r g e  amount. One i n t e r e s t i n g  p rope r ty  
of t hese  admittance matrices, however, is t h e  number of zero  terms i n  each  
matrix,  i e e e ,  t h e  sparsenesq  of the matr ix .  The number of non-zero terns 
f o r  a Lumped-element model for  ci two-layer d i s t r i b u t e d  RC network can be shown 
t o  be: 
Number of Mon-zero Terns = Qw -8. 2w(!L&l) + Z l ( w - 1 )  
= 51w -2 (R*) 
where I t  is  t h e  nodal  a r r a y  length,  and "w" is  t h e  nodal  a r r a y  width. Table 
1 t a b u l a t e s  t h e  percentage  of necessary  computer space  needed t o  s t o r e  t h e  
non-zero elements of t he  admittance matrices f o r  va r ious  s i z e s  of nodal  a r r a y s .  
Th i s  t a b l e  shows t h a t  t he  percentage  decreases  d r a s t i c a l l y  as t h e  s i z e  of t h e  
nodal  a r r a y  inc reases .  A similar a n a l y s i s  f o r  t h e  s p a r s i t y  of t h e  admittance 
mat r ix  f6r t h e  lumped-element model of a t h r e e - l a y e r  d i s t r i b u t e d  RC network 
s hows t h a t  
Number of Eon-zero Terms = 2Jw + 2 b p w  - 2( h,] 
($1 
= 14" - 4(!?i+w) 
Table 2 g ives  t h e  d a t a  f o r  some! r e p r e s e n t a t i v e  cases  f o r  t h i s  type of network. 
Obviously, cons ide r ing  these  r e s u l t s ,  t h e  problem of s t o r a g e  can be a t t a c k e d  
by u t i l i z i n g  a lgor i thms which s t o r e  only  t h e  non-zero elements of t h e  mat r ix  
a r r a y .  
between t h e  use  of l a r g e  amounts of core  s t o r a g e  on t h e  one hand, and t h e  
requirement f o r  l a r g e  amounts of computing t i m e  on t h e  o t h e r .  
The r e s u l t i n g  program complexity provides  a c e r t a i n  amount of t r ade -o f f  
The second € a c t o r  t o  be considered when us ing  l a r g e r  s i z e  nodal  a r r a y s  i n  
t h e  modeling process  is t h e  e x t r a  computational e f f o r t  r equ i r ed  t o  s o l v e  such 
a r r a y s ,  Assuming t h a t  t h e  same a lgor i thms are used, a pre l iminary  s tudy  of 
t h i s  problem i n d i c a t e s  t h a t  t h e  a n a l y s i s  of a d i s t r i b u t e d  network us ing  a 4 x 4 
nodal  a r r a y  r e q u i r e s  approximately t h r e e  times as much computing t i m e  a s  t h e  
a n a l y s i s  of a 3 x 3 a r ray ,  and t h a t  t h i s  i n c r e a s e  rises d r a s t i c a l l y  f o r  even 
l a r g e r  a r r a y s .  
nodal  a r r a y s  i n  t h e  modeling process .  
Obviously, t h i s  p l aces  m o t h e r  c o n s t r a i n t  on t h e  use of l a r g e r  
VI. Conc l u s  ion  
This  r e p o r t  has demonstrated t h e  f e a s i b i l i t y  of apply ing  a Pumped-element 
modeling concept t o  the  a n a l y s i s  of two-layer and t h r e e - l a y e r  two-dimensional 
i 
i 
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Table 1. 'l'nble o f  the s p a r s i t y  of tlie admitrancc m a t r i x  f o r  n 
lumped-element model  of a two-loycr d i s t r i b u t e c l  I?(; nc twor l '  
______ __I ---- -__- _-- -- ---__C- . -II_ 
Numbcr of  Numbcr of  
Length o f  Width of  matrix nonhzero % non-zero 
nodal  array. nodal.. array. . elements. elements . elements 
2 
3 
4 
5 
3 
4 
5 
4 
5 
10 
20 
2 
2 
3 
3 
4 
5 
10 
20 
16 
36 
64 
100 
81 
144 
225 
2 56 
625 
10K 
160K 
1 2  
20 
28 
36 
35 
* 44 
59 
64 
105 
460 
1.92K 
75 
56 
44 
36 
43 
31 
26 
25 
17 
4.6 
1.2 
I 
I 
22 '  
~~ ~- _ _ ~ -  ~~ - - 
Number of Number o f  . 
Length of Width of matrix non-zero X non-zero 
nodal  array nodal  array e lements  e lements  e lements  
2 
3 
4 
5 
3 
, - 4  
5 
4 
5 
10 
20 
50 
2 
2 
2 
2 
3 
3 
3 
4 
5 
10 
20 
50 
64- 
144 
2 56 
400 
2 64 
576 
900 
1024 
- 
2.5K 
40K 
640K 
2 SM 
32 
52 
72 
9 2  
84 
116 
148 
160 
260 
1160 
4640 
29 :6K 
50 
36 
28 
23 
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d i s t r i b u t e d  RC networks. 
i s  t h a t  it permi ts  t h e  use of a completely u n r e s t r i c t e d  choice of te rmina l  
conf igura t ions ,  thus  pe rmi t t i ng  the  development of network c h a r a c t e r i s t i c s  
which are not  o therwise  a t t a i n a b l e  with t h e  more usua l  one-dimensional treat- 
ment of such networks. Although t h i s  s tudy  was r e s t r i c t e d  t o  uniform d i s t r i -  
buted networks, the  techniques developed are r e a d i l y  adaptab le  t o  handle non- 
u n i f o m  networks, by making a s u i t a b l e  modi f ica t ion  of the  po r t ion  of the  
program used t o  genera te  t h e  admittance m a t r i x .  F ina l ly ,  t he  a n a l y s i s  r e s u l t s  
generated by t h e  techniques descr ibed  i n  t h i s  r e p o r t  are of a form which may 
be r e a d i l y  incorpora ted  i n t o  the  genera8 program €or  the  a n a l y s i s  of networks 
w i t h  d i s t r i b u t e d ,  lumped, and a c t i v e  components descr ibed  i m  a previous 
r e p o r t e 5  
program may be extended t o  inc lude  two-dimensional d i s t r i b u t e d  RC networks 
w i t h  a r b i t r a r y  t e rmina l  conf igura t ions .  Such an ex tens ion  is planned as a 
f u t u r e  r e sea rch  e f f o r t .  I n  add i t ion ,  cons iderable  € u r t h e r  a p p l i c a t i o n  of t h e  
TDSDN program is  planned t o  ana lyze  s p e c i f i c  two- and th ree - l aye r  d i s t r i b u t e d  
RC network conf igu ra t ions .  
One of t h e  major advantades of such an approach 
Thus they provide a means whereby the  a n a l y s i s  c a p a b i l i t i e s  of t h a t  
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